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O ■ Abstract 

(N 

j>.j, Algebraic conditions on the Ricci tensor in the Rainich-Misner- Wheeler 

, ^ I unified field theory are known as the Rainich conditions. Penrose and more 

recently Bergqvist and Lankinen made an analogy from the Ricci tensor to 

l/-y . the Bel- Robinson tensor Bai^^^, a certain fourth rank tensor quadratic in the 

Weyl curvature, which also satisfies algebraic Rainich-like conditions. However, 

Q ' we found that not only does the tensor Bajs^^, fulfill these conditions, but so 

O^' also does our recently proposed tensor Vap^,/, which has many of the desirable 

5h , properties of Bap^u- For the quasilocal small sphere limit restriction, we found 

that there are only two fourth rank tensors Baf^^y and VaPfiu which form a 

basis for good energy expressions. Both of them have the completely trace 

free and causal properties, these two form necessary and sufficient conditions. 

Tij- \ Surprisingly either completely traceless or causal is enough to fulfill the alge- 

f^ ■ braic Rainich conditions. Furthermore, relaxing the quasilocal restriction and 

f— ^ . considering the general fourth rank tensor, we found two remarkable results: 

(i) without any symmetry requirement, the algebraic Rainich conditions only 

f^ ' require totally trace free; (ii) with a symmetry requirement, we recovered the 

^^ . same result as in the quasilocal small sphere limit. 
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j>^ '. 1 Introduction 
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In 1925 Rainich proposed a unified field theory for source-free electromagnetism and 
gravitation [1]. Misner and Wheeler [2] 32 years later proposed a geometrically unified 
theory, based on the Rainich idea, now called the Rainich-Misner- Wheeler theory. 
The necessary conditions are called the Rainich conditions. The algebraic Rainich 
conditions refer to the Ricci tensor, but this tensor can be replaced by other tensors. 
Penrose [3] and more recently Bergqvist and Lankinen [U [5] made an analogy from the 
Ricci tensor to the Bel- Robinson tensor BaiBfj.^, a certain fourth rank tensor quadratic 
in the Weyl curvature, which also satisfies algebraic Rainich-like conditions. We 
found that not only does the tensor Bap^u fulfill these conditions, but so also does 
our recently proposed tensor Vapfj,^, which has many of the desirable properties of 

The Bel-Robinson tensor possesses many nice properties; it is completely sym- 
metric, totally trace-free and divergence-free. It also satisfies the dominant energy 
condition [6J, 

B^^^yu'^v^w'^z'' > 0, (1) 

for any timelike unit normal vectors u, v, w and z. An unique alternative tensor 
Ki/3/iv was proposed recently which gives the same non-negative gravitational energy 



density in the small sphere limit [^ 

where -B^^^^, Sa|3^,u, K^p^y and W^p^u are defined in section 2. While V^/^^^, [3 E] 
does not have the completely symmetric property, it does fulfill the totally trace free 
property and satisfies the weak energy condition, 

V^p^.u'^u^u^u'' = B^p^^u'^u^uV > 0. (3) 

The algebraic Rainich conditions [H [9] are 

RaxRp^ = \gapRpxR'\ R\ = 0, Rapu'^u^ >Q, (4) 

where R^p is the second rank Ricci tensor. Turning to higher rank, one can use 
the Bel-Robinson tensor which is the first fourth rank tensor people recognized that 
satisfies these algebraic Rainich conditions [31 H] . It is known that the Ricci tensor is 
symmetric; if we make an analogy from second rank to fourth rank, the completely 
symmetric property need not be required. Therefore, as far as the quasilocal small 
sphere limit is concerned, we found the unique alternative fourth rank tensor Vapfj,,^ 
which satisfies the algebraic Rainich conditions. 

Interestingly, we discovered that Xo.x^T-Yp^"'^ = ^gap^pXary^"^ , where Xap^i, and 
Yappu are any quadratic in Riemann curvature tensors. This indicates that this is an 
identity (i.e., not restricted to the quasilocal small sphere limit) which means it is no 
longer a condition. Therefore the algebraic Rainich conditions for fourth rank leave 
two conditions, not the expected three. 

Under the quasilocal small sphere limit restriction, we found that there are only 
two fourth rank tensors B^ppu and Va^pu forming a basis for good expressions. Both 
of them have the completely trace free and causal properties, we found that these two 
properties form necessary and sufficient conditions. In other words, either completely 
traceless or causal can fulfill the algebraic Rainich conditions. 

Furthermore, relaxing the quasilocal restriction and considering the general fourth 
rank tensor, we found two important results. One is without any symmetry require- 
ment: we found that the algebraic condition only requires completely traceless. The 
other is imposing some certain symmetry: we recovered, as expected, the same result 
as in the quasilocal small sphere limit. 

2 Technical background 



The Bel- Robinson tensor [lOj was proposed in 1958 as a certain quadratic combination 
of the Weyl tensor: 

Bap^iu '■= RaXfiaRp v" + *RaXfj.cr * R/3 v" 

= RaXfiaRp v" + RaXucrRp p — -ga^RiiXarRu "'^ i (5) 



where *Ra\aT is the dual of RaXar- One place where the Bel- Robinson tensor naturally 
shows up is in the expressions for gravitational energy in a small region. There are 
three fundamental tensors that commonly occur in the gravitational pseudotensor 
expressions [HI [12] in vacuum: 

BaPfiu '■= RaXiiaR/B v^ + RaXucrR/S fi'^ — -9al39fJ.u^ ) (6) 

O 

Sal3iiu '■= Ra^iXaRpu '^ + RauXaR/Sfi '^ + -790/39(1^^ , (7) 

3 

KaPiiu '■= RaX|3aR^J. v' + RaX^aRu fj."^ — -9ap9ii.v^ ■ (8) 

o 

where R^ = Rpr^^R^^'^ and we have rewritten ([5]) by substituting the well known 
identity pLSj in vacuum 

RiiXarRv "'' = -^9iJiV^ ■ (9) 

On the other hand, we also introduced another tensor Wa/3fj,u which gives an alterna- 
tive representation of VaiSf^u as denoted in ([2]) 

3 5 1 

Wap^j^y := -SaPfiu — -9Q|39^J.u^ + -i9afi9l3u + 9au9l3fj.)^ , (10) 

The analog of the electric part Eab and magnetic part Hab are defined in terms of 
the Weyl tensor [T^J as follows 

Eab '■= CaObO, Hab '■= *CaObQ, 0,6=1,2,3. (11) 

The fundamental property of a tensor is that if it vanishes in one frame, then it must 
vanish in any other frame. This is an elementary property for a tensor, however, 
remarkably it provides an easy and efficient way for the verification of identities. For 
instance, we have checked using orthonormal frames that the identity in i^ is true. 
Here are some properties of Sap^u^ K^/b^u, Wapf^u and Vap^v that we found: 



^afSfiu 


= 


S{al3){^iu) = S(^f,i^)(^al3), 




(12) 


iJaPpi 


= 


1 3 

-l9apSpP/ = -9al3^ , S 


a^/3 — .i/a/3*Jp/i — U, 


(13) 


J^aPfiu 


= 


K(ali)(i,u) = ^(/.;.)(a/3), 




(14) 


K^p/ 


= 


-^9apKp%^' = - -9apn^ 


Ka.p" = \9al3Kp/^^ = 0, 


(15) 


WafS^u 


= 


W(a(3)if,u) = W(f,y)(a(3), 




(16) 


W^p/ 


= 


\9apW//^0, W^,p^ 


= \9apWp/'^ ^ 0, 


(17) 


Va/Sfiu 


= 


V(q/3)(^z.) = V(^i.)(a/3), 




(18) 


K./?/ 


= 


\9apV//^Q, r,^/^ 


l9apVp,P'' ^ 0. 


(19) 



Note that, unlike the Bel-Robinson tensor, both S^p^u and Kap^u are neither totally 
symmetric nor totally trace free [8j. 



3 Quadratic tensor identities for B, S, K, V 

Owing to the equivalence principle, gravitational energy cannot be detected at a 
point. Therefore we use quasilocal methods (including pseudotensors) . Dealing with 
the quasilocal small sphere limit approximation, consider all the possible combinations 
of the small region energy-momentum density in vacuum; the general expression is 

m 



2k tj = 2Gj + {a^Bj^, + a^Sj^, + a^K^\, + aJ'J ^,)x^'x'' + 0(Ricci, x) + 0{x^), 

(20) 
where k = SvrG/c^ (here we take units such that c = 1 for simplicity) and oi to 04 are 
real numbers. For the quadratic curvature tensors in (120|) . there are four independent 
basis [TJ [16] expressions with certain symmetries which we used: 

Ba/^fiu '■= RaXficrRlS v' + RaXucrR/S ^^ = B^jB^iu + -gapQtiy^ i (21) 

o 

Sal3iJ.u '■= RafiXcrRl3u '^ + RauXcrRl3fi " = Sa/B/iu ~ T5'a/35'/ii^R' ) (22) 

3 

KaPfiu '■= RaXpaRfj. v" + RaX/SaRu fj,'^ = Ka/3fj.u + ada^gfiu^ , (23) 

o 

Tal3ij,u '■= —-ga/Sg^iu^ ■ (24) 

o 

Note that none of these four tensors has the completely symmetric property, e.g., 
i^ooii 7^ -Boioi ill general. However, all of them do have certain symmetries, precisely 
^ai3ij,u = ^(ai3)(pu) = ^ {tj.u){ai3) ■ Although there exists some other tensors different 
from Ba/3^u, Sa/s^u, Ka/3^u and Ta^^u, they are just linear combinations of these four. 
For instance [16j 

The above identity can be obtained by making use of the completely symmetric 
property of the Bel- Robinson tensor. Using ( !25|) . we can rewrite the Bel- Robinson 
tensor in a different representation [I6j: 

1 5 1 

Bal3fj.u = —-Sal3fj.u + Ka/S^iu + -ga^g^iu^ — -{ga^gpu + gaugPfi)^ ■ (26) 

2 o o 

There is a known formula for the quadratic Bel-Robinson tensor [3] 

BaXarBjS '^^ = -ga^BpXarB'' ""^ , (27) 

which was given by Penrose using spinor methods [3]. We have verified this iden- 
tity using orthonormal frames (for details see fl83|) below), moreover, using the same 
method, we found the following identity 

SaXarSjB '^'^ = -iga^S pX^rS'' "'^ . (28) 



This is a milestone for verifying other quadratic identities (e.g., KaXarKp^^'^) in an 
easier way. In other words, one can use the same method in orthonormal frames 
to verify all the possible combinations, but it would take much unnecessary work. 
Instead we used simple algebra substitution. Remember that Bap^u is completely 
symmetric and trace-free; making use of ([7]) and (|26|) . we found 

1 15 

= SaXarBp "'^ = — - 5'^ Acrr 5'/3 '^'^ + SaXcrrKp '^'^ + — -^f^^R R , (29) 

Z io 

= SpX.rBP^''^ = -]^SpX.rS''^''^ + S,XarKP^''^ + ^^^'^^. (30) 

Rewrite ([29]) and ([30]) as follows: 

1 15 

SaXcrrKp '^'^ = -SaXarSji "^ — T-^S'a/jR' ^ ) (31) 

1 1 S 

SpXarKP'"^^ = -S,x.rS''^''^--n^B?. (32) 

Comparing the above two equations by referring to (l28l) , we found 

SaXarKp "'^ = -ga/sSpXarK'' '^'^ . (33) 

Using ([33]) and considering the quadratic of Bai3fj,u in (126]) . we obtained 

1 15 

BaXarBp '^^ = —-SaXarSp '^^ + KaXarKp ""^ — — f^Q/jR R , (34) 

BpXarB"^"^ = -^5pA.r5'''"" + i^pAari^'''""-vR-'l^'- (35) 

4 o 

Comparing these two equations by using the identities ( l27l) and ( l28l) . we found 

Expand this identity explicitly: 

9 

KaXarKjS '^'^ = 2Ra(^XK.Ra T'^{R|3^Ji yR"^'"' + -R^/^ uR'^'"') + TT^'q/sR- R- , (37) 
RpXarKP^""^ = 2Rp^x.Rjr''{R'f.\R''''^'' + R',\R^''n + l9o.p^'^''- (38) 

Using the result in ([36]) . the above two expressions can be simplified as 

(39) 
Rewriting ([39]) in an abbreviated notation, 

Kxarkp'^^^ = ^-go.pkpx.rk^''"'^. (40) 



Likewise, we found the quadratic Vap^u identity to be 

^.A..^/"" = Iga^V.XarV'^''^. (41) 

Moreover, we found some more identities in a similar way: 

BaXurKji "'^ = -QapSpXarK^ "'^ , BaXarVp "'' = T^'a^S-BpAar^'' "'^ , (42) 

SaXarVji "^ = -gapSpXarV' "'^ , KaXarVji "'' = -gapKpXarV^ "'' . (43) 

We list all the results in a single formula as follows: 

Xo^XarYp^"^ = ^g^pXpx.rV''^ (44) 

for all X, y G {B, S, K, V}. More fundamentally, we found 

XaXarY/S '^^ = -fi'a/3-^pAcrr^'^ "^^j (45) 

for all X,F G {-B,^, K,T}. Bear in mind the symmetry of X^^py = X(a^)(^,^) = 
X(^p_u-j(^ap). There comes a question whether the quadratic one-quarter identity which 
is shown in (H5l) requires some kind of symmetry property? The answer is no and we 
will discuss this in section 4. 



4 Quadratic one-quarter metric identity 

Expand fl27|) in an explicit form 



BaXarBji "^ = 2Ra^XKRa r'^iR/Sfj. uR''^^" + R/Sf/uR'^^ ") " —QalS^ R , (46) 
BpXarB^^'^^ = 2Rp^x.Rjr''{R'f.\R''^^'' + R%\R''^^n -\'R^^^^- (47) 

Using the result in fl27|l . we found the following relationship from fH6|) and fj47|) : 

^a^XK-tia T yJ^Pti u^ + ^I3ti u^ ) 

= \ga(sRp^x.RJAR%\R''^^'' + R'>.\R'"''n. (48) 

There comes a natural question: whether the following are true independently, 

RaS^XttRo- r'^Rjiti yR"^^^ = -gapRpiXnRa t'^ R^ fj. uR""^^^ ■, (49) 

Ra^XnRa t'^ RjSp.^ uR'^'^ ^ = jga/sRp^XnRa r'^R^fJuR'^^ ^ ■ (50) 

Indeed they are, and this was verified by Edgar and Wingbrant [T7] . Here we suggest 
another and perhaps an easier way to obtain this result and some other similar results. 



The representations of the quadratic Bel-Robinson tensor are not unique, as is 

shown in (H^ and (H7I) . Because B^ib^u is completely symmetric, we found some 
more different expressions, including 

r> r> Acrr — qd JD £, i^l td cr TjXfiTU , d cr TDTfiXu\ l'K-\\ 

-DqAo-t-D/? = ^^a^XKJ^cr T [-n-lS/j. uii- + ^I3ti u^ ) lOij 

= 2Ra^XKRa r'^iR/Sfi'^uR ^^^ + RjSfi^uR ^'"') (52) 

= 2Ra^Xi^Ra r'^iRpf/ uR ^""^ + R|3^J. yR^^"^) — — (^a/jR R (53) 

= ^RaiXnRa r'^iRpii vR'^^^" + Rfj^'^ yR'^'^ ") — — (^ci/jR R . (54) 

The corresponding contracted expressions are 

BpXarB''^''^ = 2R^^x.Rjr''{R'^%R'^^'' + R%%R^'''n (55) 

= 2R,^x.RJr''iR%%R^''^'' + R'^^R^'^n (56) 

= 2Rp^x.RJr''{R''^\R^^'"' + R%\R^^n - ^R'R' (57) 

o 

= 2R^^x.RaK''{R%\R''^^'' + R%\R''^^n-\^^'R'. (58) 



Examining the four pairs of equations ( ISTj) and ( 1521) . ( I55l) and (1561) . ( 1521) and (153 
(l56l) and (1571). we found 



J^a^XK-n-a T -K/3^ iz-K = Ua^XK-ticT r -K/3^ !/-K , (^Oyj 

D D C '^ DP o" IDTfiXu — p D ? «: DP "I" TiXficri/ fa.n\ 

^p^XK^a T J^ p. uJ^ = -Kp^AK-Kcr T J^ p. vJ^ , IDUj 

Ra^XKRa r'^R/Sfi'^uR ^^^ = Ro^XkRct r'^RfSfi uR^^'^" — T^S'a/jR R , (61) 

D D C '^ DP o" oXfiTU — p p 5 «; DP ^ OTfiau "D2-r>2 faO\ 

o 

Note that ( 159|) and (!60|) are trivial equalities, because it can be obtained from renam- 
ing the dummy indices. 

Here we list out the two explicit quadratic expressions of Sa/spu'- 

SaXarS/S "'^ = 2RaX^i^RaT (R/S pyR'^^^" + Rp^ pvR" ^'') + "fi'a/^R R , (63) 
SpXarSP'^"^ = 2i?pAe«i?ar«"(/?''\.i?""'^" + i?^V^"^^') + 2R'R'. (64) 

Using ( 128|) . the relationship between (|63|) and (IMl) becomes 

D D S,Kfr} X oarpu i p t T)CjXpv\ 

-KqA^k -Ko-r \rii3 pure "^ + rip ^u^i ^ ) 

= \gafiRpXi.Rj\R''\.R"^^'' + R''\uR''^n- (65) 

As before, like the situation of Edgar and Wingbrant [17J , one may wonder whether 
the following are true independently for any frames 

RaX^nRar Rl3 pyR"^^^ = -zgapRpXinRaT '^ R^ pyR""^^" ■, (66) 

RaXinRdT '^Rp^ puR'^ ^^ = jgal^RpX^KRaT '^R^^ puR'^ ^^ ■ (67) 



Once again, we found they are indeed true, having verified these relations in orthonor- 
mal frames. Moreover, using symmetry properties, we also obtained 

J^aXinJ^aT ^(3 iiu-ti = J^aX^nJ^aT ^(3 /xi/-K , [DO) 

B ^c B ^'^BP'^ iDaXtxu ^ B \c B ^'^BP" B^^^" feQ) 

Based on the first Bianchi identity, we found the following relations: 

D TJ ^ i^f TJ ^ po'/iTi/ p A T3T^iuv\ — p D C** D -^ jycTT^v /'7n^ 

J^a^XnJ^cT T [-tifStJ. vJ^ ~ -"^/3m i^^ ) = o-KaAgK-tto-r -K/3 ^y-K , [Id) 

o 

^P^XkJ^ct T ['Ti p I/-K —-rC^iJ. u-n- ) = --n-pX^KJ^crT ^ /lu-ri ■ [li) 

o 

Referring to (139]), ([66]), dZO]) and ([7ID, we found 

D D C '^ D -^ pcrUT!/ — ^ D D C «: DP -^ jdcfiitv ('70'\ 

J^ol^XkJ^g T J^Pp yJ^ = jga/S-tip^XK-Tia T ^ p u^ , ( ' ^j 

Ra^XnRa r'^R^p uR^^"^ = -QapRpiXKRa r'^R^p uR^^""^ ■ (73) 

Consider the difference of the two terms on the right hand side of f l55]) 

B <:\ B ^ '^B^ " pA/xri/ _ D D e K DP (^ pr/iAi/ 

= ^{2B,x^^Bj^BP\,B''^^'' + 4R,xi.Rar^''R'\uR''"''' - R'R') = 0, (74) 

where we have found and made use of the following identity, which was verified by 
using orthonormal frames: 

op p f K ppA pcrru!/ I /I p p Sk- DPT jycrXpu — "d2-d2 f'7K\ 

^-n-pX^K-n-ar ^ pu-n. '^ + ^np\^^n„r n' ^^n '^ = K, K . [(b) 

Using the result in fl7i]) . we noted that ( 155!) can be rewritten as 

p ppAcrr — p D £ K DP cr oXpru — p D ? "^ DP "" JDrpXu (^p.\ 

■jijpXuTi^ = -tip^XK-ticr T J^ p uJ^ = -tip^Xn-tia T ^ p u^ ■ ('OJ 

Using ( 1761) . refer to ( 1571) . we discovered 

D T^P^^'r — D D ? "DP ^ T)Tpav ^ T3 2-d2 /''77A 

T-DpAcrr-D = ^p^Xk^u T ^ p f^ " T^^ ^ • I ' ' J 



In order to take care of the first two terms on the right hand side of fl58]) in a similar 
way, we need to use another identity which comes from Deser [T8] 



OD DP-^''"''" — "D2-r>2 op p ^k ppA jicTTpv (^Q\ 

We have checked the above identity using orthonormal frames, however, our result 
presented here differs from [18] by the coefficient of '2' at the last term in (178]) . 
According to (158]) and substituting this amazing identity in (178]) . we obtained 

Rp^XtzRa t'^R^P uR'^^^" = -BpXarB'' "^ + -R R^, (79) 

o o 

3 

D D ? '^ DP ■"" D'^pXv — p -npXaT (Q(W 

tipiXKtia r ti p yti = -DpXari^ ■ (,oUj 



There are only four fourth rank quadratic-in-Weyl-curvature tensors having the 
specified symmetry; they were mentioned previously: (121 p to (1241) . From this it follows 
that there exits only two independent quadratic-in-Weyl-curavture scalar expressions. 
Explicitly 

D E? C ^ lyP '^ jD^fJ-TU -r)2-r>2 l'Q^\ 

(for this result see also [ISj). The others are just the linear combinations of these 
two. For example 

-"'p^ Aft-' l-cr T -"' ^i/-"' — ^-"'p^Aft-'l'O- tV-'^MI^-'^ -"'pi/-"' ) 

After going through some messy algebra, the two basis components for the square 
quadratic curvature tensors which were mentioned in f lHTj) denote a simple fact. There 
exists an identity (i.e., not a condition) such that 

-^aAcrrXfl '^'^ = Tfi'a/3-^pA(Tr^'' '^^ , (83) 

where XaXar and Yj^xar are any tensors quadratic in the Riemann curvature, non- 
vanishing in vacuum. 

Looking back at the identity in ( ITHj) . there comes a completeness question. As the 
Bel-Robinson tensor satisfies the dominant energy condition, which means the sign 
of Baj3puU"v^w^z^ is uon-uegative. Does there exist a definite sign of the quadratic 
Bel- Robinson tensor? Checking the sign of -B^^^j,, we used the five distinct Petrov 
types [19] as a verification technique in orthonormal frames, we found 

Bo.p^.B^^^'' > 0. (84) 

This result indicates that it is true for all frames because Baiip,u is a tensor. Alter- 
natively, using the (3 + 1) decomposition and the identity in fl75]) . we recovered the 
same result 

1 2 

BpXcrrB^ "'^ = -R R + -(-RoagK-Rfoc '^ + Rob^nRca "^ + Roc^KRab '^) 

X {Ro\uR''^'' + Ro\uR'''^'' + Ro^uR'^'n > 0. (85) 

For the completeness, as Bap^u and Vapi^v share the same value of the energy- 
momentum density in vacuum, one may wonder what is the sign of the quadratic 
of Va/SfMu"^ We found that, unfortunately, the sign is not certain. Here is the simple 
derivation 

VpXarV^''^ = (5pA.r + PVpAar)(5^^'^" + W^''^'^^) 

= B.XarB'^''^ + 2BpXarWP^''^ + WpXarW^^""^ 

= l{9R'K''-10BpXarB'^n- (86) 



where 



BpXarW'^''^ = 0, WpXarWP^''^ = ^(R'R' " 2BpX.rB''^n- (87) 



In Petrov type II [IH], (15^ becomes 

VpXarV^"^ = 9[13(^i\ - Hl^f - 2QEl^Hl^]. (88) 

Note that if either En is much larger than Hn or conversely, ypx^jrV"^ is positive. 
However, if En is very close to ifn, then the sign of VpXarV'^'^"'^ will become negative. 
Hence the sign of V^ao-t^''^'^^ is not certain. 

5 Algebraic Rainich conditions 

The original algebraic Rainich conditions use the Ricci tensor. Making an analogy 
from the second rank to a fourth rank traceless tensor, we write 

(89) 
where u is timelike unit normal vector (the latter relation is equivalent to Xqooo > 0). 
Note that we assumed the coefficient of Xa/Bp^u is positive. The basic idea of the 
algebraic Rainich conditions do not require the dominant energy condition, but just 
the weak energy condition |9]. For the fourth rank tensor, as far as the quasilocal in 
the small sphere limit is concerned, we found that only B^ppv and V^^^y satisfy these 
algebraic Rainich conditions. Moreover, we modify the algebraic Rainich conditions 
as follows: 

= X",^, = X%„, = ..., X^pp^u'^u^u^u'' > 0, (90) 

where the first requirement in fl89|) is ignored because it is an identity but not a 
condition, which is explained in section 4. Here we found that the completely traceless 
property of Xa^^y gives the basis of B^ppu and V^^^y, and these two tensors imply 
positivity (more precisely inside the forward light cone, briefiy causal). Interestingly, 
this is also true conversely. Therefore the fourth rank algebraic Rainich conditions 
can be further simplified. In short 

= X'^aiiv = X"pau = ■■■ ^ XajBpvU U^u'^ = {EabE"" + HabH"" , 2ecabE°' H d) ■ 

(91) 
This indicates that, as far as the quasilocal small sphere limit, the algebraic Rainich 
conditions only require one condition. In other words, either the completely traceless 
or positivity (i.e., causal) is sufficient. The following is the simple proof. 

Case (i). Completely traceless property implies positivity (more precisely causal). 
Recall the four basic tensors from f l2T|) to f l24|) . because of the symmetries of Bai3fj.u, 
SaPfiu, Kai3pu and Ta/Bpu, cousider the two following totally traceless statements: 

= alB'^a^J.u + 0-28'^ anu + o^sK^'apu + 0'iT°'a^lu = -(oi + ^2 — C4)5'mi^R- , (92) 
= aiB"pau + 0'2S'^ p,au + O'^.K"^ ^icxp + ^^T" pau = ni^l ~ ^02 + Sfls — a4^)gpi,Il . (93) 



Then we have two constraints, 

= ai + a2 — a4^, (94) 

= ai — 2a2 + 3a3 — 04. (95) 

The solution for the above two equations can be represented as 

04 = Oi + 02, a2 = as- (96) 

Then the general linear combination of the four basic fundamental tensors (i.e., con- 
fined in the quasilocal small region) can be reduced as 

= aiBaji^u + a2Va/3^^. (97) 

This result indicates that there are only two tensors Ba/3^u and Vai3fj,u which satisfy 
the completely trace free property and form a linear basis. Obviously, they also fulfill 
the positivity (i.e., causal) 

Bf^ooo = ^mooo = (EabE"- + HabH'' , 2tcahE°' H ), (98) 

where the energy and momentum density represent the causal relationship: 

EabE'^^ + HabH'^^ > \2e,abE'^^H\\ > 0. (99) 

Case (ii). Positivity (more precisely causal) implies completely traceless. First 
of all, why do we keep emphasizing the positivity and causal? The reason is that 
positivity alone cannot imply completely trace free. In particular, suppose 

Xaf3fiu = RaX/SaRfi v' ■ (100) 

Although Xafifiv preserves the positive condition, it does not satisfy the completely 
traceless property. Explicitly 

^"^ ixav = -idfJ-v^ ¥" 0) -^0000 = EabE^ > 0. (101) 

Returning back to causal, consider the energy-momentum integral in a quasilocal 
small sphere with constant time evolution of the hypersurface. Note that the fourth 
rank tensor X^is^u needs to be symmetric at the last two indices because of the small 
sphere limit 

N^Pf. = J N^^XP^^^x^x^T], = J N^^X\^^x^x'^r]o = J N^X\,^x'x^dV 

N^'X^J—dV = / Nf'X^J—Anr^dr = N^X^ ' 



III V"*^ ~ / ^^ ^ M-l V^"' "' — ^^ ^ III 



3 J "^ 3 '^15 

iV^ {X\^- - X°,o°) ^ = iV^X°,oo^, (102) 



where we made the assumption that Xq^q" vanishes and fulfills causal (i.e., Lorentz- 
covariant, see section 4.2.2 of [20] )• Consider now the requirement for the energy- 
momentum being future pointing and non-spacelike (i.e., causal) in the small sphere 
limit : 

oi-B/iOZ + o,2Sfj_oi + a^K^Qi + a^T^Qi 

+a-i{2EahE°' , 2ecabE°' H d) + a^^SEabE"- — ^HabH"^ , 0) 
= (-2ai - 4a2 + 2a3 + 3ai)EabE'''' + (4ai + 4a2 - 3ai)HabH''^ 

+ (2ai + 2a:,)e,abE''^H\. (103) 

Causal (i.e., Lorentz-covariant, see [20]) requires the magnitude oi EabE"^ and HabH'^'^ 
to be the same and the energy is greater than or equal to the momentum as shown 
in ( p9|) . Simply, we need to calculate two equations from (I103p . but it turns out that 
one constraint is enough, requiring the coefficients of the electric and magnetic square 
parts to be the same 

— 2ai — 4a2 + 2a-j, + 804 = 4ai + 4a2 — 804, (104) 

Then 04 can be written in terms of Oi, 02 and 03 

aA = ai + — -. (105) 

Substituting (llOSp into (I108p . we found 

= ai(5,o/ + T,o/) + a, (s,o/ + -T,o/) + ^3 {k,o/ - -T,o/ 

= diBuQi + as iKfj^ooo — -T^qi 

= fli-B^ooo + ct3(-^M000 + 'S'^000 + TuQoq) 

= (ai + 03)5^000, (106) 

where we require ai + as > and made the following substitutions 

S^ioi = —-Tfj_Qi , (107) 

S^Oa" = = i^^oa", (108) 

Bal3fiu = Bal3fiu + Ta^fiu, (109) 

Kv/3/ii^ = Sai3fiu + Ka/jfiu +Tai3fj,u, (HO) 



and we also used 



i^T^oi — Sf^ooo + T^ooo, (111) 



which can easily be verified. 

Hence, the completely traceless and causal properties form necessary and sufficient 
conditions. This means we can further simplify the algebraic Rainich conditions for 
a fourth rank tensor; as far as the quasilocal small sphere limit is concerned, we 
only need the completely trace free condition or positivity (i.e., causal). This is an 
interesting result which is valid in the quasilocal small sphere region. 

Moreover, we have found another interesting result for the general case (i.e., not 
confined to the quasilocal small sphere limit) which will be discussed in the next 
section. 

6 Algebraic Rainich conditions for general fourth 
rank tensor 

For the fourth rank tensors, so far we only confined ourselves in the quasilocal small 
sphere limit, 8^13^^ and Vaj3^u- What about the general situation for this fourth 
rank tensor? Generally speaking, we found remarkably that the algebraic Rainich 
conditions only require the completely trace free property. This means the totally 
traceless condition automatically fulfills the positivity; however, the converse does 
not apply. 

In principle, assuming vacuum (i.e., the Ricci tensor vanishes), using Rap^u = 
R[ai3][fj.u] = R^iuafi "wc cau get the eighteen combinations for the fourth rank quadratic 
Riemann curvature tensors: 



TJ \ (J 

A (J 



p p ^ CT p p J. CT p p Xct p p !Xct p p~ 

J^aXfiij J^ P u -'•'a/iAcr-'l'/S u -'^aXfia-'^IBu -^^a^Xa-^fiu -^aXua-^^/: 

p P ^ "^ P P •^"^ P P ^"^ P P ^ "^ P P 

-'^avXa-'^P /i -^aXua-^P^ -^auXa-^Pfi -'^aXfj.a-^u /3 J^aXva^<^i^ 

TD I?A(TD dActd d Act d d Act d d 

-ttaXPa-ttfM V -n-aPXa-tl-fi v -n-aXPa-ttiiu ^alBXa^^v ^aX^a^i 

Qapg^iuR 9ati9l3uR gauQPuR 

Table 1: Eighteen quadratic Riemann curvature tensors 

From the first Bianich identity Ra[|3^lv] = and the identity (|25|) . these can be reduced 
to the following eight algebraically linearly independent expressions: 



-'l-a A/iCT -'I'/J u ) J^aXua^^P fi ; ^^a^Xa^^Pu ) ^^auXu^^P^ ; 
RaXPaRfj, v' 1 RaXPcjRv i^ i 9an9piyR ) 9aiy9PfJ,R ■ 



(112) 



Here we consider two cases. 

Case (i). Completely trace free, without any symmetry requirement. We define 

XaP/iu '■= biRaX/icrRp ly" + b2RaXucrRp [^ + b^RafiXaRpi^ '^ + biRauXaRp^i 

+b5RaXPaRfj. v' + b^RaXPaRv ^i'^ + b79afi9PuR + b89au9PfJ.R ) (US) 

where 61 to 63 are constants. Basically, in order to set the totally traceless for Xap^u, 
there should be six possible combinations. However, we found there are only three 



independent constraints. Explicitly 



'bi . b2 , h ^ h, , . \ . 



= X^^, = X^,", = l^ + ^ + ^ + ^ + b7 + bs\ g^^R', (114) 

= X%^, = X,\^ =1^1-1 + 1 + 1 + 467 + 68) g,uR\ (115) 
= X%.„ = X/„. = {h-h + h + h + b^ + ^b\ ^^^r2. (116) 

Using the constraints from (1114^ to ( 1116^ . we eliminate foe? ^7? ^8 and rewrite (1113^ as 
/ 15 

XaPnv = bi iRa\fj.aRl3 v' + "iRaX^a^v ^ — — 5'Q,^(y'/3yR — —gavgfi^^ 

+62 RaXuaR/S a + '^RaX/SaRu a — —-gaug^vR — -gotvg^uR 
\ 12 O 

+63 f RctiiXaR^v " + ^Rax^dRv ix" — -T^gafigfSuR " -^ga^g/BfjR 

+64 ( RauXaRpfi '^ + 4:RaXl3aRu /i'^ " Tfi'ai/5'/3AiR' 

+65 {RaX/SaR^j. v" — RaXPaRu i!^ — —gafj.gi3uR + -ZTgaugPfiR j -(117) 

Note that in general this is not simply a linear combination of Bap^v and Vap^u- We 
found that the totally traceless property implies positivity, 

= X"'a^lu = X" ^au = ■■■ ^ Xqooo > 0. (US) 

as long as 61 to 65 are all non-negative. But the converse is not true in general. In 
particular 

XalSfiu '■= RaXfiaR/^ v^ i (119) 

satisfies the positivity requirement 

XoooO = ^afe^"' > 0. (120) 

But does not satisfy the totally traceless property, since 

X°^ aiiv = R'^Xfj.aRa v' = -gfiuR 7^ 0. (121) 

Case (ii). Completely trace free with symmetry requirement. We impose one symme- 
try condition and then allow the totally trace free condition afterward. Set X'^^^^ = 
■^'apuu) ^^"^ it will have the following implications simultaneously 



For instance, let 



+C-i{Ra\l3aRii v' + RaX^aRv ^'^) + C4,{ga^j.gi3u^ + QaudPiJ^ ) 
= (Ci - 8C4)-Ba/3^v + (C2 - 4:04} Saf5f„y + (Cs + 8C4)Kal3^,u " 16C4To/3^,, 

where ci to C4 or c'^ to C4 are constants, and we have made use of the property (l25ll . 
In order to fulfill the completely trace free requirements, there are only two different 
constraints we need to consider 

= X'"„^, = 4 + 4 - 4, (124) 

= X'"^„, = c; - 24 + 34 - 4. (125) 

The solution for the above two equations are 

4 = 4 + 4, 4 = 4. (126) 

Using f lT26|) . rewrite f lT23|) as 

= c[Bai3fj.u + C^Vap^u- (127) 

Hence, starting from the general completely trace free property, we have recovered 
the unique basis Baj3^v and Vajs^v in the quasilocal small sphere limit. 

This means that if we impose some certain symmetry as indicated in 0122p . we 
obtained the same result as mentioned in section 5 but without the quasilocal small 
sphere limit restriction. Explicitly, in general, the purely mathematical property 
(i.e., completely trace free) guarantees the physical requirements [7] (i.e., energy- 
momentum conservation and causal). 

Likewise, for the completeness, we get the same result if one sets X'^^^^ = X'^,a .. 

7 Conclusion 

The Bel-Robinson tensor satisfies the one-quarter quadratic identity BaXarBp^"'' = 
\gap Bf,XfjT-BP^"'' . We found that the tensors Sap^u, Kai3^u and Va/s^u also sat- 
isfy the same interesting one-quarter quadratic identity as Ba/3^u does. Explicitly 
XaXarYp^'"^ = Iga^Xpx^ry^"^, for all X,Y G {B, S, K, V}. More fundamentally, for 
any quadratic Riemann curvature tensors Xap^^v and Yap^v, we have the same result 
XaXaTyp^'^'^ = ^da/sXpXary''^"^ ■ This indicates that this is an identity and no longer 
a condition. Therefore the algebraic Rainich conditions left two conditions, not the 
original three. 

Moreover, under the quasilocal small sphere limit restriction, we found that there 
are only two fourth rank tensors -Ba/3/^i/ and Vajs^u forming a basis for good expressions. 
Both of them have the completely trace free and causal properties, these two form 



necessary and sufficient conditions. Surprisingly, either completely traceless or causal 
can fulfill the algebraic Rainich conditions. 

Furthermore, relaxing the quasilocal small sphere limit restriction and considering 
the general fourth rank tensor, we found two remarkable results. One is without any 
symmetry requirement: the algebraic conditions only require totally trace free. The 
other is imposing some certain symmetry: we recovered the same result as in the 
quasilocal small sphere limit (i.e., Bai3^u and Vaj3^u). 

Acknowledgment 

This work was supported by NSC 97-281 l-M-032-007 and NSC 98-2811-M-008-078. 

References 

[I] Rainich G Y 1925 Trans. Amer. Math. Soc. 27 106 

[2] Misner C W and Wheeler J A 1957 Ann. of Phys. 2 525 

[3] Penrose R and Rindler W 1984 Spinors and spacetime (Cambridge U.P., Cam- 
bridge) Vol. 1 

[4] Bergqvist G and Lankinen P 2004 Class, and Quantum Gray 21 3499 

[5] Bergqvist G and Lankinen P 2005 Proc. R. Soc. A 461 2181 

[6] Senovilla J M M 2000 Class. Quantum Crav. 17 2799 

[7] So L L Preprint arXiv:gr-qc/0901.4828 

[8] So L L 2009 Class, and Quantum Crav. 26 185004, So L L and Nester J M 
''Energy-momentum in small spheres: the classical pseudotensor^^ (in prepara- 
tion) 

[9] Stephani H, Kramer D, Maccallum M, Hoenselaers C and Herlt E 2003 "Exact 
Solutions of Einstein's Field Equations. 2nd edition, Cambridge University Press 

[10] Bel L 1958 C. R. Acad. Set. Paris 247 1094, 1962 Cath. Phys. 138 59, 2000 
Cen. Rel. Crav. 32 2047 

[II] So L L 2007 Int. J. Mod. Phys. D 16 875 

[12] So L L and Nester J M 2009 Phys. Rev. D 79 084028 

[13] Yefremov A P 1975 Acta Phys. Pol. B6 667 

[14] Carmeli M "Classical Fields Ceneral relativuty and Cauge Theory" (John Wiley 
& Sons 1982) 



[15] So L L 2008 Class. Quantum Grav. 25 175012 

[16] Deser S, Franklin J S and Seminaea D 1999 Class. Quantum Grav. 16 2815 

[17] Edgar S B and Wingbrant O 2003 J. Math. Phys. 44 6140 



[18] Deser S Preprint arXiv:gr-qc/9901007 



[19] Gomez-Lobo AGP 2008 Class. Quantum. Grav. 25 015006 
[20] Szabados L B 2009 Living Rev. Rel. 12 4 



